We look for possible nonsupersymmetric black hole attractor solutions for type II compactification on (the mirror of) CY 3 (2, 128) expressed as a degree-12 hypersurface in WCP 4 [1, 1, 2, 2, 6]. In the process, (a) for points away from the conifold locus, we show that the existence of a non-supersymmetric attractor along with a consistent choice of fluxes and extremum values of the complex structure moduli, could be connected to the existence of an elliptic curve fibered over C 8 which may also be "arithmetic" (in some cases, it is possible to interpret the extremization conditions for the black-hole superpotential as an endomorphism involving complex multiplication of an arithmetic elliptic curve), and (b) for points near the conifold locus, we show that existence of non-supersymmetric black-hole attractors corresponds to a version of A 1 -singularity in the space Image(Z 6 → R 2 Z2 (֒→ R 3 )) fibered over the complex structure moduli space. The (derivatives of the) effective black hole potential can be thought of as a real (integer) projection in a suitable coordinate patch of the Veronese map: CP 5 → CP 20 , fibered over the complex structure moduli space. We also discuss application of Kallosh's attractor equations for nonsupersymmetric attractors and show that (a) for points away from the conifold locus, while the non-supersymmetric black hole attractor solutions obtained by extremization of the effective black-hole potential, if they exist, depend on both the complex structure moduli, the solutions to the attractor equations seem to be independent of one of the two complex structure moduli, and (b) for points near the conifold locus, the attractor equations seem to impose two constraints which do not have analogues among the ones obtained by extremization of the effective black-hole potential.
Introduction
It has been shown that extremal black holes exhibit an interesting phenomenon -attractor mechanism [1] the moduli are "attracted" to some fixed values determined by the charges of the black hole, independent of the asymptotic values of the moduli. Supersymmetric black holes at the attractor point, correspond to minimizing the central charge and the effective black hole potential, whereas nonsupersymmetric attractors [2] , which have recently been (re)discussed [3] , at the attractor point, correspond to minimizing only the potential and not the central charge. Recently, attractor equations for (non) supersymmetric black holes and flux vacua were given by Kallosh [4] , and some examples verifying the same were studied in [5] including IIB compactified on one-parameter Calabi-Yau's. In this paper, we discuss the existence of possible nonsupersymmetric attractor solutions to type IIB compactified on a two-parameter Calabi-Yau, both, from the point of view of extremizing an effective black-hole potential and also by using the attractor equations. We get some interesting connections between algebraic geometry and nonsupersymmetric black-hole attractors, and some apparent puzzles when studying the attractor equations. We emphasize that we stress more on the forms of the various equations rather than their numerical content.
The plan of the paper is as follows. Section 2 consists of the bulk of the calculations and results as regards the non-supersymmetric black hole attractors from minimizing the effective black-hole potential. It is divided into two parts -2.1 deals with points in the moduli space away from the singular conifold locus, and 2.2 deals with points near the same -2.1 is further subdivided into two parts: 2.1.1 deals with positive eigenvalues of the mass matrix and 2.1.2 deals with null eigenvalues of the mass matrix. Section 3 has a discussion on the use of the new attractor equations of [4] to get non-supersymmetric attractors; it is divided into two (short) parts -3.1 is for points in the moduli space away from the singular conifold locus and 3.2 is for points close to the same. There are three appendices relevant to the calculations in sections 2 and 3. Section 4 has the conclusions and discussion on future directions.
The Black Hole Potential Extremization, the Mass Matrix and Attractor Solutions
In this section we work out possible attractor solutions obtained by extremizing the effective black-hole potential for points in the moduli space, both away and near the conifold locus of the mirror to a twoparameter Calabi-Yau with h 1,1 = 2, h 2,1 = 128, expressed as a degree-12 hypersurface in WCP 4 [1, 1, 2, 2, 6].
Away from the Singular Conifold Locus
The defining hypersurface for the mirror to the aforementioned Calabi-Yau is: 
with h 1,1 = 128 and h 2,1 = 2. Under the symplectic decomposition of the holomorphic three-form Ω canonical homology (A a , B a , a = 1, 2, 3) and cohomology bases (α a , β a ), defining the periods as Aa Ω = z a , B a Ω = F a , such that Ω = z a α a − F a β a . Then, the Kähler potential K is given by: −ln(−i(τ −τ ) − ln(−i CY Ω ∧Ω) = ln(−i(τ −τ )) − ln(−iΠ † ΣΠ), Π being the six-component period vector and Σ = 0 1 3 −1 3 0 . 
where the complete elliptic integral of the first kind EllipticK(ν) ≡
. One then constructs the superpotential: 
The Kähler potential is given by:
from which one calculates the metric:
where
The effective black hole potential in type II theories is given by:
W being the superpotential, K the Kähler potential and the covariant derivative
The first derivative of the potential is given by (See [9] ):
Using the results of the appendix A, one can see that for |z| << 1, |ψ| << 1, up to O(terms second order in z and/or ψ and their complex conjugates) in the numerators and the denominators,
and
where α i = 2, −2, 0. This implies that
If one complexifies and projectivizes the f i s, then the effective potential extremization conditions ∂ z V = ∂ ψ V = 0 could correspond to real integer projections of intersection of quadrics in a suitable patch of
, which correspond to four real non-linear constraints on the six flux components f i s and the two complex complex structure moduli z, ψ. It is interesting to note that the expression ∂ i V , for a given extremum values of the complex structure moduli (for complex projective space valued f i s) would correspond to the Veronese map:
where the Z 2 flips the signs of all the f i s). Veronese surfaces and maps have been shown to have connection with moduli spaces relevant to MSSM (See [10] ). The mass matrix corresponding to fluctuations (assumed to have been separated into their real and imaginary parts) of the effective black-hole potential about the extremum, is given by:
The second derivatives of the black hole potential are given as (See [9] ):
Using the results of the appendix A, one can show that up to O(second order in z and/or ψ and their complex conjugates) in the numerators and the denominators:
where α i = −2, 0, 2. Therefore,
Again, using the results of the appendix A, one sees that:
where β i = −2, −4; γ i = 1, 3. This yields:
Similarly, using the results of the appendix A, one sees that:
where α i = ±1, β i = ±1, −3. Therefore, one obtains:
We now come to the evaluation of ∂ i ∂jV -the other ingredient necessary for the evaluation of the mass matrix (8) . Referring again to the appendix A, one sees:
One therefore finally gets:
Similarly, using the results from the appendix A, one arrives at:
which finally yields:
Finally, using again the results from the appendix A, one sees that:
which gives:
Hence, the mass matrix can be written as:
The A i s, B i s andB i s are quadratic in the fluxes f i s.
Non-zero Positive Eigenvalues of the Mass Matrix and (Arithmetic) Elliptic Curves
If the eigenvalues of the mass matrix are positive then one gets an attractor solution -for negative eigenvalues, the interpretation is not very clear (See section 4). The eigenvalues of M are given by:
, where
We will now impose the following real non-linear (in the fluxes) constraint:
Now, the following is part of the expression "(3)":
If (25) is set to zero, then one can recast (24) in the following form:
which, is an elliptic curve fibered over
One can compare (26) with the following elliptic curve over any field:
for which the j-invariant is defined as:
Interestingly, the equations (7) can be rewritten as:
If the 2 × 2 matrix in (28) is SL(2, Z)-valued, then (28) can be compared with following endomorphism
implying a complex multiplication Z + ωZ represented as:
, where (A, N − M, C) = l(a, b, c) (l being the greater common factor) and D ≡ b 2 − 4ac (See [12] ). The modular parameter τ , which is supposed to satisfy: aτ 2 + bτ + c = 0, gets identified with −
. It would be interesting to see if one could further impose the condition that this value of τ satisfies the above definition of the j-invariant function where it is understood that j = j(τ = −
Such an elliptic curve is what is referred to as an "arithmetic elliptic curve" (See [12] ) 3 .
To ensure that the eigenvalues are real, we now impose the following additional real and again nonlinear(in the fluxes) constraint:
Thus one is guaranteed to have two, doubly degenerate, real eigenvalues of M ,
. One thus sees the possibility of getting attractor as well as repeller solutions depending on whether
To summarize, from (7), one gets two complex, or four real constraints and then three additional real constraints from (24), (30) and (25) on the six integer-valued fluxes f i s, the complex structure moduli z, ψ.
Zero Eigenvalues of the Mass Matrix
We assume that one or more of the four eigenvalues of the mass matrix M , vanish. Now, if one wishes to ensure that one still gets an attractor solution for the eigenvalue(s) zero of M , then one needs to show that 3 Related to complex multiplication, one can choose a Weierstrass model for E given by(See [13] ):
If gcd(a, b, c) = 1 and D is the fundamnetal discriminant (which means a discriminant of a quadratic imaginary field KD ≡
is an algebraic integer of order equal to the number of equivalence classes of integral binary forms a
using SL(2, Z)-valued matrices for similarity transformations. Also, KD(j(τi) is Galois over KD and independent of τi, where each τi corresponds to the distinct ideal classes in the order O(KD).
the effective potential when expanded about the extremum, has no cubic terms and that the quartic terms are positive [9] . Abbreviating
as Ω i , the mass term can be written as:
A null eigenvalue would therefore satisfy:
(implying one can consistently set δψ = 0) would be a valid eigenvector provided 4 :
One can show that the extremum effective potential can be written as:
which for z 0 → z 0 + δz 0 , setting δψ 0 = 0, when expanded in powers of δz 0 , can be shown to be as given in Tables 1 and 2 below: 
The most general eigenvector would be: One sees that the cubic terms can be made to vanish by imposing:
and that the quartic term, given by a|B| 4 > 0 if a > 0. One therefore gets ten constraints ( (7), (32),(34) and a > 0) on the ten parameters: f i s, z, ψ. This indicates the possibility of the existence of attractor solutions for two-parameter Calabi-Yau's away from the singular loci in the moduli space of the same.
Near the Singular Conifold Locus
For points near the singular conifold locus: φ = 1 − 864ψ 6 , the period vector Π, in the symplectic basis, is given by:
where w i 's, the components in the Picard-Fuchs basis, are given as (See [8] ):
where f i (φ, ψ) are analytic functions of φ and ψ, c i = (1, 1, −1, −2, 2, 1). Defining y ≡ 1 − 864ψ 6 − φ, the w i s, about φ = 0, y = 0 : φ y → 0, are given as: 
Near φ = y = 0, the Kähler potential is given as:
which gives the following metric:
(A+C y+B z+Cȳ+Bz+D |y| 2 log(|y| 2 ))
Using the results of the appendices B and C, one can see that for |φ| << 1, |y| << 1,
This implies that
For the purpose of constructing the mass matrix, one needs to evaluate second derivatives of the black hole potential.
Using the results of the appendices B and C, one can show that up to O(second order terms in z and/or y and their complex conjugates) in the numerators and denominators:
Therefore,
Again, using the results of the appendices B and C, one sees that:
This yields:
(46) Similarly, using the results of the appendix B, one sees that:
Therefore, one obtains:
We now come to the evaluation of ∂ i ∂jV -the other ingredient necessary for the evaluation of the mass matrix (8) . Referring again to the appendix B, one sees:
Similarly, using the results from the appendix B, one arrives at:
Finally, using again the results from the appendices B and C, one sees that:
One thus sees that the mass matrix of (8) is given by (retaining again only the most dominant terms):
. Hence, M will have at least one doubly degenerate null eigenvalue. One corresponding eigenvector of fluctuations in φ and y will be given by:
 , alongwith the constraint:
Thus, from equations (34), (42), (56) and "a > 0", one gets nine constraints on the six fluxes f i s and the complex structure moduli φ, y. One has to remember that the Λ i s are real-valued quantities constructed from the square of the fluxes and the complex structure moduli at the extremum of the effective black-hole potential. This is very interesting -Λ i ∈ R, which implies that one gets, for null eigenvalues of the mass matrix, for points in the moduli space near the singular conifold locus, a version of an A 1 -singularity wherein one gets the embedding:
which is the real projection of the familiar T * (S 2 ) for
֒→ C 3 -in short, the singular conifold locus in the moduli space of the two-parameter Calabi-Yau, corresponds to some version of A 1 -singularity in the space Image(Z 6 → R 2 Z 2 (֒→ R 3 )) fibered over C 2 (φ, y), when looking for nonsupersymmetric black-hole attractor solutions.
Attractor equations for non-supersymmetric Attractors
In this section, we now discuss getting non-supersymmetric attractor solutions using the "new attractor" equations of Kallosh [4] , which are as follows:
One could regard (57) as linearization of the effective potential extremization equations, (4).
Away from the conifold locus
Using the results of appendix A, one can show that the RHS, up to terms linear in the complex structure moduli, z, ψ is independent of ψ (ψ enters quadratically in Π and therefore W ). The attractor equation for points in the moduli space away from the conifold locus, can be written as:
where a i , b i , c i depend on the fluxes f i s. If one were to complexify and projectivize the f i s, these equations could be thought of as real integer projections, in an appropriate coordinate patch, of intersection of hyperplanes in an appropriate coordinate patch of CP 5 (f 1 , ..., f 6 ) fibered over C(z). One striking difference between the attractor equations (58) and the the possible attractor solutions obtained by extremization of the effective black-hole potential and positive eigenvalues of the mass matrix, as discussed in the previous section, is that unlike the latter, for points away from the conifold locus, one of the complex structure moduli (ψ) does not appear in the former (attractor equations).
Near the conifold locus
Using results of appendix B, one sees that
.
Hence,
The only way one can still hope to satisfy the attractor equations (57) is to impose
This implies that the attractor equations appear to imply two real constraints on the fluxes (and the extremum values of the complex structure moduli) that one do not appear to have analogues in the analysis involving extremization of the effective black-hole potential, as done in section 2.
Conclusion
We looked at an example of (the mirror to) a two-parameter Calabi-Yau (expressed as a hypersurface in a weighted complex projective space) and looked at possible non-supersymmetric black-hole attractor solutions by extremization of an effective potential, for points away and close to the singular conifold locus. For the former, we showed a connection between non-supersymmetric black hole attractors and an elliptic curve and found a system of seven (for positive eigenvalues of the mass matrix for points in the moduli space away from the conifold locus) or nine (for null eigenvalues of the mass matrix for points in the moduli space near the conifold locus) or ten (for null eigenvalues of the mass matrix for points in the moduli space away from the conifold locus) constraints on the six integer fluxes and the two complex structure moduli. It might be possible to interpret the black-hole extremization as an endomorphism involving complex multiplication of a possibly arithmetic elliptic curve. For points close to the conifold locus, we found a connection between non-supersymmetric black hole attractors and an A 1 singularity. From the point of view of the attractor equations of [4] , we saw that for the former case, unlike the effective potential extremization analysis, the equations are independent of one of the two complex structure moduli. For the latter, the attractor equations of [4] appear to impose two real constraints that do not have analogues among the ones coming from the effective potential extremization analysis. The "mass matrix" can take negative eigenvalues, in addition to positive and null -the eigenmodes for the same could perhaps be interpreted as non-supersymmetric repellers 5 , or might be interpretable as a flop transition in the extended Kähler cone [11] . Using tools from computational algebraic geometry, one could hope to do a better job in actually doing the numerical computations related to the present work on supersymmetric black-hole attractors (and also flux vacua ( [14] ) attractors) 6 . Attractor basins ( [5] ) is another aspect which could be looked into. Further, it would be nice to see whether the particular Calabi-Yau considered in this work is an "arithmetic attractor" 5 This was suggested by R.Kallosh to one of us(AM). 6 The basic idea is to use the "splitting principle" in which for some positive integer l, the algebraic variety L corresponding to the radical ideal √ I is expressed as:
for some polynomial f and the ideal I = f1, ..., fn , where the first term on the right hand side is the algebraic variety corresponding to the radical of "saturation" of the ideal I, implying a subvariety for which f = 0. For the purposes of finding (non)supersymmetric attractors and/or flux vacua one chooses fis to be the numerators of DiW s and I to be ∂V . Then (See [14] )
∪ ∪i,j L((( ∂V, D1W, ..., Di−1W, Di+1W, ..., Dj−1W, Dj+1W, ..., DnW ) :
implying that one gets a SUSY vacuum from the first term, and non-SUSY vacua for the rest with, e.g., the second term implying violation of one of the n F-flatness conditions and the last implying violation of all n F-flatness conditions. Stable isolated vacua are associated with the real roots of the zero-dimensional primary decomposition.
(See [12] ) 7 .
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A Covariant derivatives relevant to the calculations
In this appendix, we give analytic expressions for (almost) all covariant derivatives of the period vector and the superpotential for points in the moduli space away from the conifold locus. It will be understood that one has dropped terms quadratic in (complex conjugates of) z, ψ and their products in the numerators and denominators of all expressions in this appendix -this is indicated by "∼".
A.1 Covariant derivatives of Π
For the purpose of discussing the generalized attractor equations of [4] for non-supersymmetric attractors, one would need expressions for DīΠ which we give below:
In fact, as shown in [12] , the two-parameter Calabi-Yau expressed as a degree-eight hypersurface in WCP 4 [1, 1, 2, 2, 2]:
is an arithmetic attractor for ψ = 0. The ratio of the the periods is related to a Schwarz triangle functions (
, k = 0, 1, ∞ where corresponding to a given 2F1(a, b; c; z), 
A.2 Covariant derivatives of W
In this subsection, we list the covariant derivatives of the superpotential. It is understood that all expressions below are expressed as complex rational functions in the complex structure moduli z, ψ retaining terms only linear in the same in the numerators and denominators of the expressions.
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Because of the length of the expressions involved, we do not give the explicit forms of
B Covariant derivatives relevant to the calculations near the conifold locus
We first write down the expressions for the period vector in the symplectic basis:
and then the superpontential:
Now, we give expressions for the covariant derivatives of the superpotential relevant to the calculations in this paper. In all the following expressions, analogous to the results in appendix A, one retains terms linear in φ, y as well terms of O(|y|ln|y|, |y| 2 ln|y|, ln|y| 2 ) in the numerators and denominators.
B.1 D i W and DīΠ
We write out expressions for the first derivatives of the superpotential and the complex conjugate of the period that would be relevant, e.g., to the attractor equations of section 3.2:
+f 2 (a 1 +b 1 y+c 1 φ)+f 3 (a 2 +b 2 y+c 2 φ)+f 5 (a 4 +b 4 y+c 4 φ)+f 6 (a 5 +b 5 y+c 5 φ)+f 4 (a 3 +c 3 φ+b 3 y+ f y ln(y)
We list the second derivatives of the superpotential which would be relevant to the evaluation of the mass matrix in (55):
+f 3 (a 2 +b 2 y+c 2 φ)+f 5 (a 4 +b 4 y+c 4 φ)+f 6 (a 5 +b 5 y+c 5 φ)+f 4 (a 3 +c 3 φ+b 3 y+ f y ln(y) We summarize below the forms of the complex structure moduli space metric inverse, and its various relevant (anti)holomorphic derivatives -G i ≡ a i + b i φ +b iφ + f i y +f iȳ + h i y ln(y) +h iȳ ln(ȳ) + l iȳ ln(y) +l i yln(ȳ) + n i |y| 2 ln(|y| 2 ) below: 
